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Motivation

Instantons in string theory — Euclidean branes wrapped
on non-trivial cycles of compactification manifold

—
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Although exponentially suppressed in small g5 limit,
they play important role for various reasons:

e crucial for non-perturbative dualities and for going
beyond the perturbative formulation

e essential for moduli stabilization
e contain information on numerical invariants of compactification manifold

entropy of BPS black holes, 4—J
modularity and all that...

But in contrast to gauge theories, until 2020, a direct
computation of instanton effects suffered from ambiguities!!!

Breakthrough: understanding infrared and zero mode divergences
through string field theory [A.Sen]

;} A recipe how to deal with zero modes to obtain finite results



known before
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Goal

Perfect match with results

These ideas have been applied to: based on
" e non-critical string theory matrix models

[Sen "21, Eniceicu,Mahajan,Murdia,Sen 22,
Chakravarty,Sen "22]
e Type IIB string theory in flat space S-duality
[Sen 21]
e Type Il string theory on a Calabi-Yau threefold Supersymmetry,
[S.A.,Sen,Stefanski "21] S-duality,

mirror symmetry

e Type Il string theory on a Calabi-Yau orientifold
[S.A.,Firat,Kim,Sen,Stefanski *22] —> new result

see the talk of Manki Kim D-instanton ind_uced
superpotential

I'll explain e what we compute
e what was known
e how we compute
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The plan of the talk

Review of instanton corrections in CY compactifications
—> Hypermultiplet metric and D-instantons

D-instanton corrections to string amplitudes: problems and
their resolution

Computation of (some) relevant contributions in type IIA
D-instantons in Type 1IB

Conclusions



Instanton corrections in CY compactifications

The effective action of Type Il string theory on a CY threefold is determined

by the metric on the moduli space My X
% quaternion-Kahler

special Kahler
no corrections in string coupling corrections in string coupling

e Classical metric (c-map)
ds? = dg? — e (ImN—1)AS (déA —NM,dgA’) (dég —J\‘/mdgz’)
2 S
z x aqs RR-scal
dllaton f)_}_l Zgb dU+CAdCA_CAd<A) +4]Ca6dz dzb <« scalars

NS-axion complex structure moduli (11A)

complexified Kahler moduli (1IB)
NAZ}, — determined by holomorphic prepotential F(z)

[Antoniadis,Minasian, Theisen,Vanhove ‘03

e 1-loop correction Robles-Llana,Saueressig,Vandoren '06, S.A.’07]

e D-brane instantons . deycle 0 1 2 3 4 5 6

0271241/ g:—2mi(aa ¢ —p"Ca) A - N D2 w

e NS5-brane instantons IIB:D(-1) D1 D3 D5
—27|k|V /g7 —inko /
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[/ Chain of dualities: \

Instanton corrections from dualities

Robles-Llana,Saueressig, Theis,Vandoren '07] {a’, 1-loop }
| | s-duality
(A-D2} O {a’, D(-1), D1}
IA e/m | dualty B
{all D2} MO, ta’, D(-1), D1, D3, D5} {
l S-duality E@’

\ D2, NS5} <" ry. D(-1), D1, D3, D5, NS5} /

. B o

<)

Where we are:
Type IIA Type 1IB
D1-D(-1) to all orders

D3 } one-instanton

D2 to all orders

NS5 ? D5-NS5 [ @approximation

J/




D-instanton corrected metric

Instanton corrections are encoded into the holomorphic contact structure
on the twistor space over Muygwm

In practice: they can be extracted from holomorphic Darboux coordinates

determined as solutions of integral equations
[S.A.,Pioline,Saueressig,Vandoren '08]

. 1 dt’ t+ ¢
X0 = 2O exp |23 (017) log (1 — /(1)

A e 4
J ” \\ !

X,},Sf(t) _ e—Q—Wi(t_lny—thY)—%ri(qACA—pAéA) DT invariants

the same as integral

’ of CY equation of Gaiotto-
v= " qn) — D-brane charge Moore-Neitzke for
Z., = qnz™ — p"Fr — central charge N=2 SYM / S?

Given X, (t), there is along and tedious procedure to extract the metric

It was realized in [S.A., Banerjee ‘14]



Small string coupling limit

We are interested only in the leading corrections in the small gs limitin
a given topological sector, i.e. for fixed axionic coupling ©, = gx¢* — p*ea

. B

All terms non-linear in DT invariants are subleading
(no need to solve integral equations)

. B

4 )

d 2 Z Q 6(59'5 K)/ (Zk 1/2 ) (A ( )dT
Sinst — Y T ’7)
~ 647’1’\/ |Z \&
-

such terms will
T, = 8re*=9/2|Z | + 27i©, — instanton action be ignored

A, = |Z7|e(;c+¢)/2 (da + Cad¢? — Adln + 8¢ ?Imo log(e”CZ,},)) —4iC,

1 =\ (17 1
where ny — —5 (ImF)AE (QA — RGFAEPH) (ng - RGFE@dC@) — § ImFax pA dCE



. . . Sen 20
Instanton corrections to string amplitudes

Amplitudes in the presence of instantons:
() = [dope®> O+ e [dpie®O (O, +e-T [ dpie®=O B [ dppe*»O fdgoiesin]
| depe®e +e=T [ dipseS ’ [depe>  [dppee [ dppese

includes disconnected and bubble diagrams such that
e each have either a vertex operator insertion or a boundary on D-instanton
e at least one diagram has both

. B

The leading instanton contribution to n-point function:

<f[1 Oi>mt — ¢ 7 exp [@] ﬁ

But there are problems:

e there are divergences due to zero modes
e the annulus amplitude formally vanishes Example: in type IIB in 10d

/Ooo g% B n(it) (793(0, it)t — 94(0,it)* — ¥2(0,it)* + 91 (0, it)4)] 0



Recipe

All divergences can be understood from string field theory [Sen ’20]

® the zero modes related to the collective coordinates of the D-instanton should

be left unintegrated till the end of calculation
e bosonic zero modes produce the momentum conserving delta-function

e fermionic zero modes require insertion of zero mode vertex operators

into the disk diagrams

e the divergence due to ghost zero modes arises due to the braekdown of the Seigel
gauge bg|¥) = 0 used to get the worldsheet formulation, which is cured by working

with a gauge invariant path integral
e other zero modes (if present) are integrated with a non-linear effective action

To extract a finite result — regularization: shifted boundary conditions

Lg|zero mode) = h|zero mode)

After resolving all issues, the regularization can be
safely removed h — 0




Annulus amplitude from string field theory

exp[@] ;z,yf dpe™ ¢/4/Hd£“/de dx //de

0,0=1
N Y H—J
counts ghost mode due to bosonic z.m. fermlonlc z.m. volume of the
cycles unfixing Seigel gauge unfixed U(1)
¢ ¢ i gauge group
£ — spacetime coordinate ¢n ¢
of D-instanton 2./7 gu _ o = 90_1 Y@
X% — normalized f.z.m. V27g, A7/ g,
do — open string coupling
29 e(qb—lc)/2
ReT, = _ 25 _
o 27T290 —> 4= V,  16m3|Z,]
2 .
eXP{@] = iC g, /de”/ 1] @x’dx’
5,0=1

O — 95 —13/2
saturated by vertex
(2m)*6™ (Z pi) operators inserted
i

into discs diagrams



Annulus amplitude for multiple instantons

For coincident branes there are additional N§
zero modes > exp @ ~ o % \

3 total @ N
amplitude o i | Jo //\\/
3 the leading contribution comes from %\
configuration with N =1 and ~ g, NI
A\ v J \ J
(O,

4 k1 ko J
O :
k
2 k2 —1 3 2
o A / 5.5\ S(zaya)
N = . dat dyodys » e”\aYa
(2m)2* =1 Va2, al;[l ; 1

1 N groups
p= 5,6=1

\ v J
1 effective action

additional zero modes 4d N=1 SYM\, 0d

[Nk — k‘l/zJ _ the integral is evaluated in

[Krauth,Nicolai,Staudacher 98,
Moore,Nekrasov,Shatashvili ‘98]




Metric vs. curvature

We are interested in the effective action for massless scalars. For such
fields, 2- and 3-point amplitudes vanish —=> we need 4-point function

The simplest 4-point function affected by the metric on My is

generated by
/ d*z R (X' X7 (x"X')
e

fermions from
hypermultiplets

Symmetric part of (the Sp(n) part of)
the curvature on Muwm

very complicated!

Solution:
do not impose momentum conservation!



General structure |

]_ .
The effective action: —= fd49: Gii (@) 00"’

e quantum

Gij = gij + Ze—ﬂ (hg’) + .. ) l o' = ¢' + '« fluctuations
v

The |ead|ng 1 /d433 6—’7',y amT o, T hg )(gg) B alu/\%aﬂ)\]

\ Y
Y
because T, ~ 1/gs

. 3

<OmOnOin> = (2m)* 5(4)(217(‘1)) e~ T {&,ﬂf}, On T h(}/)(qg) (pi-pj) + perm.]

from string
instanton e~ exp +perm.
calculus / ,\ ormion A

vanishes for zero modes

Pi = Py
R e (O]O)
\/_ k/561

4-\ term: 4




General structure I

@ =iam(P)pu 75& Xaxd

. =

2

el AN et in ), (Z i ek”?«) (Z Gy dw) +O(dT:)
o fo="1 m

Caveat: this procedure is insensitive to the field redefinitions

Terms ~ d7, cannot be compared



Example 1. NS-axion contribution

It remains to compute @ — iam(gﬁ) DPu vga xaxé‘

for m =0, (C*Cn), 2% ¢

NS-axion is the scalar dual to the B field. Thus, we have to analyze:

17mT22€O‘Xﬁ/ dz<VB(i) ce ?25,(0) e ¢/285(z)>

. —_— J U J
grav. couplmg v Y
brane tension. / unintegrated and integrated

vertex op. of open str. fermions

10d ferm. z.m. _fi
B-field vertex operator . e doubling trick
VB = 2 bul/ cc (8XM + lpp ¢p¢u) ip: 'QZJ e OPE
e contour integration

e X*=n®x%and X*=7®\°
| | A

> 2k Th Pp by XX (V" ) (27?)35(3) (0) covariantly constant
Y J spinor on CY

Y
artefact of the flat space




Example 1. NS-axion contribution

It remains to compute @ — iam(gﬁ) DPu vga xaxé‘

for m =0, (C*Cn), 2% ¢

NS-axion is the scalar dual to the B field. Thus, we have to analyze:

17mT22€O‘Xﬁ/ dz<VB(i) ce ?25,(0) e ¢/285(z)>

. —_— J U J
grav. couplmg v Y
brane tension. / unintegrated and integrated

vertex op. of open str. fermions

10d ferm. z.m. _fi
B-field ve.rtex operator . e doubling trick
VB:2buycé(8X“—i—1pp7,bp¢”)elp € ’QZJV‘f‘ e OPE
e contour integration

e X*=n®x%and X*=7®\°
| | A

2 o, O v i
— T IiTQ pp b[Mx’X X (f)/PlL )dza V’Y covarlantly constant

2 spinor on CY
K volume of
the wrapped cycle




Dualization

But we still have to go from the B field to the NS axion

e generalize the previous construction from scalars to 2-forms
e perform dualization in the presence of instanton corrections

1 4 .
fd4x (é H,,,H"" — 5 5‘“’”“)THWPAT> ﬁ /d—l (0,0 + A,) (0Fo + AH)

. 2f
\ v / duality
CS type HMP = LT (9 o + A;)
of coupling

The dual actions are not equal, but their deformations dueto f — f+4df
are equal (to the first order) on the undeformed duality relation

. 1

It is enough to substitute into the disk 1-point function
K ~ ~
a[Pblﬂ/] - ! (67‘0 +§A87CA o CABTC/>>

Y

TZV»Y — RGTY 1 AT

[ VO = 7T—IizReTW (da + fA dch — A déA) ]

4V




Example 2: RR-field contribution

New ingredient: for the doubling trick, we need to use the boundary condition

. . B 1 ,
for the spin field GO _ = UL (T1IKY3 5,
N~ volume form of
. the wrapped 3-cycle
2
T : 3 _ M rijk
—i o= kT XX py /Ld  Cpar Uyijic (MU TPELTRELAm) 50 o form
. -
i B onCY My =iwV = —iJig"
)\
o N o B 5L A a9 = complex
dimek Ty (7y )BQX X pM/L (20—'_1*6 31 J(C)) structure

~

. . o - I
One must fix the relative normalization of C' and C

g|V|ng rise to 3 .
=271 | C =
A Ca i fL,,, ﬂ C T C

- J




Evaluation of the integrals

It remains to evaluate 3 integrals:

[¢ =oc—ramsl]
\_ L’Y

r

/*C_QCK —46’CR6|: ~(z ACh — Fa¢ )}
L

~

|

Z,(z2n - mﬂ]]

.

[ fL ()=

4
——%7—3?R6

/BaSiS' {A%, Br} € H3(D) \
{aAv A} GHS Z 2))

52, /Oég =

LW—QAA _p
C—C ap — (aBA

ay, = —
AA

kﬂ — zAaA — FABA— hol. form of Cy

1 =\ [ 1
where €, = —E(ImF)AZ (ga — ReFa=p™) (Cz - RereCe) — 5 ImFys ph (>

(
*OUA —

— ImN-H* a5 — ((ImN) 1ReN) B
\

(ReA(ImA) ™) o = (TmA + ReN (ImA) ' ReN) . 5

~N
Suzuki ‘95

(ImF2)p(ImFz)s
(zImF'Z) )

Nps = FAZ + 21

(Alternative basis: {Q, Xa, Xa, 2} € H?

Relations: p = —le
\_

* (ZACEA — FACA)

_ H3,0 @Hz,l EBHLQ @H‘O.'S

a —a — — ) . — ) i
C=pQ+0"%a+0"Xa +pQ =p J(C)=i(pQ-pQ) + 3
Im (0°0:0 Zy + (p + 0°Ka)Zy)

~

XG(Z) = azaQ + Q]Ca

0“Xa — 0% Xa)
Gy

3 (




Final result

~N

q { apdC® 4+ atdCy = —2n° {d@,y + 2167]
J
4 )
‘ radz® + az.dZ® = in°ReT, 0log(e* Z.)
\_ J
4 . o )
) asdd = — ReT, do
\_ 2 J

.

it 2
ol ST DR ol AT (Z k12 ekT”) (Z b dxm) + OWT)
W, ! m

Perfectly coincides with the instanton corrected metric
predicted by dualities!




Type 1IB and mirror symmetry

Mirror symmetry
> [IA/Y) = IIB/A@ <# MHA MHB(@)]

A A ——
Tirror CYs Two metrics are identical

But if we want to express the metric in terms of natural Type IIB fields
(transforming simply under S-duality), we need mirror map

receives instanton corrections
D(-1), D1 — known; D3 — partially; D5 — make no sense without NS5

classical mirror map

However, at leading order in gs their effect is O(d7,,) —> is sufficient

The resulting metric is exactly
reproduced by a similar calculation of
string amplitudes

New features:
e more branes to analyze

e existence of bound states of branes of different type
e Kahler geometry instead of complex structure moduli



Conclusions
e String field theory is able to fix all apparent divergences and ambiguities
In instanton contributions to string amplitudes

e String amplitudes perfectly reproduce the results predicted by dualities,
which provides a highly non-trivial test for both approaches

e There is a way to extract directly the metric on the moduli space and not
only its curvature

Some open problems: see Manki’s talk

e Compute instanton corrections where dualities do not help
(phenomenologically relevant A’ = 1 string compactifications) {J

e Go beyond the leading order in the string coupling

e Get insights about NS5-brane instantons in CY compactifications which
remain not fully understood

o



